This paper presents a practical numerical method for incompressible flows by combining the concept of the CIP method and the finite volume formulation. The method, namely VSIAM3 (Volume/Surface Integrated Average based Multi-Moment Method), employs two integrated averages, i.e. Volume Integrated Average (VIA) and Surface Integrated Average (SIA) which are generically called integrated moments of the dependent variable herein. Using both VIA and SIA as the model variables, VSIAM3 is different from any existing conventional finite volume method and can be interpreted as the simplest finite volume method of the CIP type. Previous studies show that VSIAM3 has accurate numerical dispersion, compact mesh stencil and flexibility for various fluid problems. In this paper, the author will briefly introduce the general framework of VSIAM3 and its implementation to incompressible flows.
Introduction
Finite volume method (FVM), which is constructed directly from the conservation laws for continuum dynamics in their integral form, provides a convenient framework for fluid dynamics and possesses many attractive properties, such as conservation and flexibility in treating irregular geometry. An FVM is usually cast in a numerical formulation which predicts the integrated average value for each mesh cell by examining the net flux across the cell boundary. The numerical flux on cell boundary in a conventional FVM is evaluated by a consistent interpolation approximation based on the cell-integrated average value. The cell-integrated average (or the volume integrated average as we use hereafter in this paper) in a conventional FVM is usually the only quantity memorized and predicted in the numerical model.
Being an alternative to the conventional FVM for numerical advection, CIP-CSL (Constrained Interpolation Profile -Conservative Semi-Lagrangian) schemes (1) - (4) include the cell boundary values as other model variables in addition to the cell-integrated average. As a model variable, the cell boundary value is memorized and updated at each step rather than interpolated from the cell-integrated averages. The cell-integrated average in 3D is the volume integrated average (VIA), and the cell boundary value is correspondingly interpreted as the surface integrated average (SIA). The concept of using more than one "moments" for each physical variable comes from the CIP (Cubic-Interpolated Pseudo-particle or Constrained Interpolation Profile) scheme (5) - (7) , where the use is made of the first order derivatives of the time-evolution variable as the extra "moments" which are then predicted in the numerical model as other models variables.
We should make a few remarks concerning the general term "moment" used in this paper. We use the term "moment" herein following the definitions in Ref. (8) , where the cell average, slope and curvature of a distribution are referred to zero-order, first-order and secondorder moments of the approximation function respectively. Rigorously, the meaning of the word "moment" here is slightly different from that in Prather (8) and other schemes in the sense that a moment usually appears as the coefficient of the basis function used in the latter. Nevertheless, we preferably use "moment" as a general term to refer to various quantities measuring the spatial distribution of a given field. "Multi-moment" reflects the characteristic of the CIP type schemes that store and carry forward more than one quantities (e.g. the grid-point value and the firstorder derivative in the original CIP scheme) for a physical variable. In fact, we use in the present study two zero-order moments defined with respect to different dimensionality, i.e. the volume integrated average and the surface integrated average.
Retaining VIA and SIA to be the model variables, we have recently developed a method called VSIAM3 (Volume/Surface Integrated Average based Multi-Moment Method) (9) , (10) for general dynamical problems defined in time-space domain. The integrated moments which are hierarchically defined in different dimensionality are reciprocal in constructing numerical model. By using the spatially integrated moments, the VSIAM3 can naturally satisfies the conservation constraint imposed on the original dynamic system. With more than one moment in its formulation, VSIAM3 is different from the conventional FVM, and can be interpreted as a CIP finite volume formulation.
In section 2, the advection transport scheme, CIP-CSL scheme is briefly introduced. The spatial discretization of VSIAM3 is given in section 3. The numerical formulation of VSIAM3 for incompressible fluid is presented in section 4 with numerical validations, and the paper ends with a short summary in section 5.
The Brief of CIP-CSL Transport Schemes
As a class of conservative transport schemes, CIP-CSL methods have been originally devised to solve the scalar conservation equation in a form as
where t refers to the time, x the spatial coordinate, u the characteristic speed and φ the transported quantity. Note that the VIA degrades to a line integrated average and the SIA to a point value in one dimensional case, we define them by x φ and 0 φ as,
and
Given the VIA x φ i. CSL4 reconstruction (1) ,
ii. CSL2 reconstruction (2) ,
iii. CSLR0 reconstruction (4) ,
iv. CSLR1 reconstruction (4) , (13) ,
v. CSL3 reconstruction (3) ,
The coefficients B i and {C i } are determined by using x φ and 0 φ through continuity constraints. Once all pieces of interpolation function Ψ i (x) are determined, the numerical solution of the interface value (SIA) 0 φ at step n+1 is updated through a semi-Lagrangian solution. The VIA x φ is advanced by a flux form from the conservative relation (consult the corresponding references for details).
Numerical experiments (4) , (11) show that regarding the dispersion accuracy, the CIP-CSL type schemes are superior to conventional numerical schemes that use only single moment, i.e. either the point value in a FDM or the cell-averaged value in a FVM, for reconstruction. In addition, a CIP-CSL scheme requires less grid stencils for reconstruction and appears to be spatially compact. The CIP-CSL type schemes have been so far used mainly for advection transport problems.
Concerning the multi-dimensional implementations of a CIP-CSL scheme, the proposed algorithms (4) , (12) - (14) can be sorted into two types based on the numbers of the moments used. In Ref. (4), an efficient multi-dimensional scheme is devised based on just two integrated moments, i.e. the VIA (volume integrated average) and the SIA (surface integrated average), while all the rest reported in Refs. (12) - (14) require also other moments as the line integrated value and the point value in three dimensions. The increased memory requirement and the numerical complexity prevent the multi-dimensional formulations in Refs. (12) - (14) from being easy to apply to practical simulations for fluid dynamics. As is always the case, there is a trade-off between the computational complexity and numerical accuracy. The reasonable compromise might be a formulation that uses only VIA and SIA.
In terms of VIA and SIA, the multi-dimensional advection scheme can be constructed through a simple splitting (4) based on a one dimensional CSL scheme. For example, a two dimensional algorithm on a uniform grid read as follows: Given VIA and SIAs V φ n i j , S x φ n i+ 1 2 j and S y φ n i j+ 1 2 at the n th step.
2 j with the 1D scheme. x2 : update S y φ * i j+ 1 2 by the so called Time Evolution Converting (TEC) formula in y direction as
with the 1D scheme. y2 : similar to step x2,
In the above expressions, V φ, S x φ and S y φ are the VIA and the SIAs defined in 2D. In steps x2 and y2, the TEC formula is an interpolation approximation for time derivative. Given in the above expressions are just the linear interpolation. As shown latter, higher order approximations or splines can also be used.
A Strang splitting (15) can be easily made by interchanging the order of the fractional steps in this multidimensional implementation. The correction to the dimensional splitting as discussed in Ref. (16) can be added as well. Using VIA and SIA, we can establish VSIAM3 as a relatively simple and practical framework for numerical models to a wider spectrum of applications in fluid dynamics. The numerical algorithms in terms of VIA and SIA for fluid dynamics will be discussed in the following sections.
Spatial Discretization Based on VIA and SIA
In VSIAM3, the model variables are the VIA and SIAs for each time-evolution physical variable. We denote VIA and SIA of any physical variable φ(x,y,z,t) by V φ, S x φ, S y φ and S z φ in a three dimensional Cartesian grid (x,y,z).
In a Cartesian coordinate, the control volume is defined by a volume element (VE)
and 6 surface elements (SE)
The volume of the VE is consequently for all computational cells by The discretizations of the differential or integral operators can be computed by using interpolations based on VIA and SIAs. Without losing generality, we consider the one dimensional interpolation in x direction. Shown in Fig. 1 , a simple linear interpolation can be constructed by using the VIAs of two neighboring cells as
with Fig. 1 Linear and parabolic interpolations in terms of VIA and SIA
while a parabolic polynomial can be constructed by using both the VIA and SIA as
where
The gradient operator at S x i+ 1 2 jk then can be computed
or
The Laplacian operator on V i jk can be approximated by
The corresponding expressions in y and z directions can also be derived analogously. Compared with the conventional FVM, in addition to VIA, the extra SIAs also need to be updated in a VSIAM3 model. The computation will become much heavier if we predict each SIA exactly according to the governing equations. Alternatively, a more efficient formulation can be constructed by solving parts of VIAs or SIAs, and then update the rest using the so-called TEC (TimeEvolution Converting) formula with the time variation of
formula is used to link the time variation between VIA and SIA, thus is in fact equivalent to the interpolation of operators. We denote the general TEC formula that converts the time variations from VIA to SIAs by
and the TEC formulae that converts the time variations from SIA to VIA byH
In the TEC formulae (23) and (24), H S α (), H V (),H S α () andH V () are 1D spatial approximations which can be constructed by various interpolations. For example, 4th-order TEC foumulae on a uniform spaced mesh read
Using the TEC relations, we usually need to compute the governing equation of either VIA or SIA for only once. So, the increase of the computational efforts due to using multi integrated moments is not significant. Before go further for the description of the spatial discretization for the governing equations, let us define the following notations.
• The subscript indices of surface elements
• The difference operator
).
• The averaging operator (φ)
The divergence for control volume V is computed via the SIAs of the velocity components normal to each surface element,
VSIAM3 Formulation for Incompressible Flow
We consider the following general conservation laws for incompressible fluid in volume Ω with its surface denoted by Γ,
where u = (u,v,w) is the velocity vector, ρ the density, p the pressure, τ the viscous stress tensor and F = (F x , F y , F z ) the body force. In regard to equation of momentum (29), the corresponding semi-discretized governing equations in terms of VIAs and SIAs are written as
for predicting the VIA quantities, where
represents the advection flux in x direction in the CIP-CSL schemes, while F y and F z denote those in y and z directions respectively. The viscous stress are computed as,
Since the SIAs for each component of velocity are also treated as model variables, we need to derive a set of equations and compute separately the evolution solutions to them. For this purpose, the momentum equation (29) is re-written into its differential form and averaged over each surface element. As will be shown later, the projection procedure to get the incompressibility is constructed by employing the SIAs of the normal components of velocity and the VIA of pressure. Thus, it is convenient to compute the SIAs of the normal components of velocity directly from the pressure, while other quantities by interpolation of the corresponding operator. As mentioned before, it is easy to show that the interpolations (or averages) of operators can be replaced by the corresponding TEC formulae. Concerning the stress of viscosity, we first update the VIAs and then advance the SIAs through the TEC formula. So, the spatially discretized equations for SIAs are written as
The advection part in (30) - (32) and (34) - (39) can be computed by any of the CIP-CSL schemes. The time integration procedure for each step which updates all physical variables from step n (t = t n ) to step n + 1 (t = t n+1 = t n +∆t) is summarized as follows, i. Compute the advection phase by a CIP-CSL type scheme and get the provisional values for the VIAs ( V u , V v , V w ) and the SIAs ( S α u , S α v and S α w for α = x, y, z).
ii. Calculate the trajectory averages for all moments by
iii. With the trajectory averages, compute the body forces and the viscosity related part to update the VIAs
) and advance the corresponding values of SIAs ( S α u * , S α v * , S α w * ; for α = x, y, z) by TEC. iv. Subject to the constraint for incompressible flow, the pressure field that projects the final velocity field onto a divergence free subspace is determined by
where Γ is the closed surface of a CV and u * = (u * ,v * ,w * ) the unprojected velocity field. The discretized form for (41) is constructed by using the VIA-equivalent pressure and the SIAs of the normal velocity components on each SE,
The gradient terms of pressure on the left-hand side of (42) (42) it is easy to know that the divergence in terms of the SIAs of the normal velocity components diminishes after the projection.
vi. Go to next step We should note that the coupling between pressure and velocity in the projection step is computed through the VIA (Volume Integrated Average) of the pressure and the SIA (Surface Integrated Average) of the normal components of velocity. Considering the VIA and the SIA are staggeringly located, the pressure and the velocity are well linked. But meanwhile we should also remember that the VIA of the velocity collocates with the VIA of pressure, which makes difference from the conventional staggered or collocated grid.
As a validation of the presented method, we computed the widely used benchmark test of the lid driven cavity flow (17) . A simulation with the Reynolds number being 1 000 is conducted. Figure 2 shows the stream lines of the steady solution on a 90 × 90 grid. The horizontal velocity component u along the y axis passing through the geometric center is plotted in Fig. 3 . The typical flow patterns are accurately captured. As in Ref. (18) , the grid was doubly refined as 10 × 10, 20 × 20, 40 × 40, 80 × 80 and 160 × 160. The horizontal velocity components u for different mesh resolutions are plotted in Fig. 4 . It is observed that the VSIAM3 converges when the grid is refined. The result on 40 × 40 grid is adequately close to the converged solution. There is not big visible difference in the solutions on 80 × 80 and 160 × 160 grids. The strength of the primary eddy is plotted in Fig. 5 for different grid resolutions and TEC formulae. Same as seen in Fig. 4 , the numerical solution monotonically converges as the grid is refined. The convergent rate is quite similar to the 2nd algorithm reported in Ref. (18) . We used both the 2nd order TEC formulae and the 4th order ones to compute the operator interpolation in the numerical simulations. As can be observed, a higher order TEC formula slightly improves the numerical accuracy when the grid is relatively coarse, but becomes not so effective when the grid resolution is refined. So, the simple central averaging TEC formula can be used for practical applications. Simulations with different Reynolds number (Re) were also carried out. Figure 6 shows the u components computed on a 40 × 40 mesh for Re = 100, 400, 1 000, 3 200, 5 000 respectively. The numerical results are similar to those reported in the literature. 
Summary
We have devised a CIP finite volume formulation, based on both the VIAs and the SIAs of the dependent variables for fluid dynamics. Using both VIAs and SIAs of the physical variables enables us to make high order reconstruction with less mesh stencils and leads to a formulation that automatically conserves the VIA quantities. VSIAM3 provides a framework suited for accommodating numerical models for various flows, for example, the compressible flow (10) , the complex flows involving complicated geometry and free boundary (19) . Our numerical results show that the presented methods give robust computations and reasonable numerical solutions to various flows of great complexity.
